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It can be deduced from a result of Gauss that the principal class of 
discriminant d represents primitively exactly one divisor of d (besides 1) 
in a certain set of those divisors. Instead of restricting one’s attention 
to criteria for representability of -1, it would seem desirable to ask what 
that other divisor is. A study is made of the case d = 8p (p prime), making 
use of a remarkable parametric solution of xz+yz = za+2wz = ~~--2@ 
and of an idea (hitherto overlooked?) in an early paper of Georg Cantor. 
This yields a complete answer except in certain cases with p = l(mod 16). 
1. In the Gaussian theory of integral binary quadratic forms, a form 
[a, b, c] = ux2 + bxy+cy2 is called ambiguous if sib; and an ambiguous 
class is one which contains an ambiguous form. As is well known, the 
primitive ambiguous classes are those which are self-inverse under com- 
position. For the sake of brevity we will write class and form hereafter to 
mean primitive class and form. The term ambiguous was a translation of 
Gauss’s term anceps. We will borrow this word and call the forms 
[4 0, ~1 or [4 4 ~1, (11 
uncipitul. Obviously, an ambiguous form gives rise by a translation (i.e. 
by replacing x by X+~JJ) to a unique ancipital form. To find the ancipital 
forms of a given discriminant d we have to find the coprime integers 0 and 
c satisfying each of the equations 
4ac = -d, a(4c-u) = -d. (21 
The ancipital forms fall into pairs of associates 
[a, 0, c] and [c, 0, a], [a, a, c] and [4c- a, 4c-a, c]. (3) 
The two forms of a pair are easily seen to be in the same class. Obviously, 
* This work was supported in part by N.S.F. grant GP-3956. 
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if d is a positive nonsquare integer the first coefficients of two associates 
have opposite signs, and the numerically smaller one satisfies 
(2~)’ c d, or a2 c d, in the respective cases, 
while the other satisfies (2~)~ P- d, or a2 > d. 
(4) 
For any nonzero discriminant d, the set of first coefficients of the (primi- 
tive) ancipital forms [a, 0, c] which satisfy (2~)~ c d, or u2 c c2, will be 
denoted by SA; and those satisfying a2 c d, or u2 x (4~-a)~, from the 
forms [a, u, c], will comprise a set Si. We will call the elements of either 
set discriminuntul divisors (of type 1 or 2). The following result is implicit 
in a theorem due to Gauss, but does not seem to have been stated in the 
literature except in a few special cases: 
THEOREM 1. An ambiguous class of positive nonsquare discriminant d 
contains exactly two ancipital forms with positive3rst coeficient; or, what is 
equivalent, it represents primitiveIy exactly two discriminantal divisors 
(possibly, as shown later, a number in Si and the same number in Si). 
Proof Gauss proved that there are exactly two ambiguous reduced forms 
in each ambiguous class of positive nonsquare discriminant. As we noted, 
an ambiguous form yields by a translation a unique ancipital form; and 
the sign of the first coefficient is different in its associate. Reversely, it is 
only when (2~)~ x d for an ancipital form of type 1 that we can choose 
a positive b = 2ha so that b2 c d c (b+ i2aj)2, and so get a reduced form. 
Similarly for type 2, only when a2 c d can b = (2h+ 1)a be chosen so that 
b2 c d c (b+ j2al)2. 
It may be interesting to remark that, with appropriate adjustments, 
Theorem 1 extends to positive definite forms. In particular, the two 
ancipital forms with d = -4 with positive first coefficients are [1, 0, I] 
and [2, 2, 11. However, when d is a nonzero square each ambiguous class 
contains only one ancipital form with positive first coefficient; and of 
course negative-definite classes have none. 
An interesting question now arises. When an ambiguous form of positive 
nonsquare discriminant is given, one pair of associate ancipital forms is at 
once apparent. The question is what is the other? Or, to put it another 
way, what two discriminantal divisors are primitively represented by an 
ambiguous class-in particular, which besides 1 is represented by the 
principal class ? 
It is perhaps a little unfortunate that there has been so much concentra- 
tion on the conditions for representation of - 1 by the principal class, 
and relative neglect of other discriminantal divisors. The special interest 
in - I stems partly from the naturalness of the study of units of norm - 1 
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in a quadratic field, and partly from a remark by Dirichlet that it seems to 
be a very difficult problem to give the complete characterization of all 
values of A for which t2-Au2 = - 1 is possible [2, p. 2231. Dirichlet seems 
not to have been aware of Theorem 1, or at least of the fact that it follows 
so easily from Gauss, since he gave ud /zoc proofs of it in several special 
cases. It seems to the writer unnatural to give the other discriminantal 
divisors second-class citizenship; and that it would have enriched the 
literature if they had not been neglected. 
Other theorems of Gauss which bear on these questions are those that 
state that the number of ambiguous classes equals the number of (primitive) 
genera, and that each genus contains equally many classes. An especially 
simple situation occurs when the ambiguous classes are uniformly dis- 
tributed-one in each genus. Then the discriminantal divisors represented 
by each ambiguous class are straight-away determined by the generic 
conditions. It is this situation which yielded some of the classical results. 
(Another consequence of this situation is that the number of classes in 
each genus is odd, since otherwise the group of even order in the principal 
genus would have another self-inverse element. Conversely, when the 
number of classes in the principal genus is odd, the ambiguous classes 
are uniformly distributed, and - 1 is represented by the principal class if 
and only if it is represented by the principal genus.) 
As an example, if d is pj or 4# (j odd, p a prime of the form 4n+ 1), 
then there is only one (primitive) genus, and it contains the one ambiguous 
class. Hence - 1 is represented therein. Again, if d = 4qj (j odd, q a prime 
of the form 4n+ 3), there are two primitive genera, since (- 1 iq) = - 1. 
The discriminantal divisors are 1, - 1, 2 and - 2. Evidently, [1, 0, -qj] 
represents 2 if q G 7(mod 8), -2 if q s 3(mod 8). 
When d = 8pj (p an odd prime, j odd), there are two primitive genera. 
The discriminantal divisors are 1, - 1, 2, - 2. Evidently x2 -2pjy2 
represents - 1 if p = 5(mod 8), 2 if p s 7(mod 8), -2 if p = 3(mod 8). 
The casep = l(mod 8), where all the discriminantal divisors are represented 
in the principal genus, remains, and will be considered further in Sections 
2 and 3. 
Can two ancipital forms [u, 0, c] and [u, u, c’] with the same first co- 
efficient occur in the same class? We will prove that if this huppens, then 
the discriminunt must be divisible by 128 und the caeficient u by 32; and will 
then give an example in which it does happen. 
For evidently u must be even, c and c’ odd; hence - 4uc = u2 - 4ac’, 
-4c = a-4c’, 8]u, u = 8~’ say, [8u’, 0, c] and [8a’ 8u’, c’] in the same class 
and hence in the same genus, c = c’(mod 8), 32ia as stated. The example: 
W, 0, -411 and [32, 32, -331 of discriminant 5248. A straightforward 
application of the Gaussian reduction technique shows that they are in the 
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same class : 
32 64 -9 62 39 l6 -32 48 23 M -36 28 31 34 -33 32 32 32 -33. 
What can be said of the occurrence of ancipital forms of both types, or of 
only one type, in the ambiguous classes of a given discriminant? An early 
paper [4, p. 7901 of the author’s gives as a corollary the answer to this 
question. In that paper a certain case was left unsettled, and a conjecture 
was made for that case-which we now give as the last sentence of the 
following theorem. We will now prove that conjecture by use of the Cantor 
method (see next section), a simple but remarkable technique whose 
potentialities seem to have been overlooked for nearly a hundred years. 
THEOREM la. If d is odd all ancipitai ,forms are obviously of the type 
[a, a, c]. If d E 4 or 8(mod 16) or 16(mod 32), then all ancipital forms are 
of the type [a, 0, c]. Denote by tl, ul the least solution in positive integers 
of t* - du* = 4. Consider the remaining cases where d z - 4(mod 16) or 
O(mod 32). Then zj-ul is even each ambiguous class contains ancipitalforms 
of only one type, and there are equally many (primitive) ambiguous classes 
of the two kinds. But, if ul is odd, then ancipitaiforms of both types occur in 
each ambiguous class. 
Proof of the last sentence. Suppose first that the class contains a form 
[a, 0, c]. Here a or c is odd, and (a, c) = I. By hypothesis there exists an 
odd integer ~4~ and an integer u such that -acuf - v* = - 1. Hence the 
form [CZAR, 2u, -auJ has determinant - 1. Now it is known that there are 
two classes of determinant - 1, the class of 2xy and the class of - x2 + 2xy. 
Since one of the coefficients cul, -au1 is odd, we have that there exist 
integers tl, t2, t3, t4 such that tlt4-- t2t3 = 1 and 
-(tlx+t2y)*+2(tlx+t2y)(tSx+tdy) = culx2+2vxy-auly2. 
On equating coefficients we deduce that a( - tf +2tltJ = - c( - ti + 2tztJ, 
or that at: +ct; = 2atltS+2ct2td. The last are the first and second co- 
efficients of the form a(tlx+ tSy)* + c(t2x+ tay)*, in the class of [a, 0, c]. 
Thus each class that contains a form of type [a, 0, c] also contains one of 
type [a, a, c]. But by a direct count of the number of factorizations 
ac = -d/4 with (a, c) = I and a* < c*, one finds that the number of 
ancipital forms of type [a, 0, c] with (2a)* < d is equal to 2’ if d E - 4(mod 
16), and 2”‘l if d = O(mod 32), where v is the number of distinct odd 
primes dividing d; that is, this number equals the number of ambiguous 
classes. It follows that each ambiguous class contains ancipital forms of 
both types. 
A USEFUL COROLLARY OF THEOREM 1: zy the discriminants d and A* have 
the same discriminantal divisors and the same number of primitive genera, 
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then the principal forms represent primitively the same discriminantal 
divisors. An instance of this situation occurs when d is odd and s = 2. 
2. The Cantor method. What we are calling the Cantor method is a 
technique suggested by Cantor’s proof of a minor result in 1868. We have 
found several diverse applications of the method. This method is very 
simple, and has a charm about it, perhaps due to the surprise that it 
induces in the reader-that it works. In his paper [1] Cantor remarks 
that A. Gopel had obtained results concerning the representability of 
-1,2,or -2byx2 - 2py2 (where p is a prime of the form 8n + 3 or 8n + 7) 
by studying the continued fraction for JF$, and that he would prove 
“diese Satze einfach und ohne Htilfe der Kettenbrtichen . . . und dabei 
gewisse Beschrankungen verlieren, welche ihnen bei jener Methode 
anhaften.” We will use the Cantor method in proving 
THEOREM 2, Let h = - 1, 2 or -2, and let k be a positive integer. Then 
[ 1, 0, -k] represents h if and only if there exists in the class of [ 1, 0, - k] a 
form [ha, 2b, a] with (as is necessary) (a, 2b) = 1. Hence (as is seen by 
equating determinants) a necessary condition for [l, 0, -kJ to represent h is 
that k be expressible by b2 - ha2 with a primitively represented by [l, 0, -k] 
and hence consistent with its generic characters. 
ProoJ One can regard ks2 - r2 as the determinant of a form: f = [ks, 2r, 
s]. There is only one class of nonnegative forms of any of the determinants 
h =. - 1,2, or - 2. Hence if r2 - ks2 = h and s > 0, f must be in the class of 
[1, 0, -h], and we can write 
(tlx+t2y)2-h(tSx+t4y)2 = ksx2+2rxy+sy2, (5) 
where tl, t2, t3, t4 are the elements of a unimodular matrix T. Thus 
t: - htz = ks and tg - hti = s, and hence when, using with Cantor the trans- 
pose transformation, we form 
(tlx+t3y)2- k(t2x+ t4y)2 = a’x2+2b’xy+c’y2, (6) 
we find that a’- /rc’ = tt - ktz - h(ti - kti) = ks - ks = 0. Conversely, if 
the transformation with coefficients tl, t3, t2, t4 carries [l, 0, -k] into 
[ha, 2b, a], then its transpose carries [l, 0, -/r] into [ks, 2r, s]. 
What makes Cantor’s method work? It is simply that ac”-2bb”+a”c 
is an invariant of the pair of forms [a, 2& c] and [a”, 2b”, c”], being multiplied 
by the square of the transformation determinant when the same linear 
transformation is applied to both. Also, if (in matrices) T’AT = B, then 
TB-‘T’ = A-‘. Notice, for the pairs [l, 0, -h] and [/zc’, 2b’, c’], [ks, 2r, s] 
and [ 1, 0, -k] that the “inner product” aa” + 2bb’+ cc” = 0. 
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3. Further treatment of the form x2-2py2, with p a prime 8n+ 1. 
By Theorem 2, a is primitively represented by x2 - 2py2 and 2p by b2 - ha2 ; 
hence a is odd, x odd, a E 5 l(mod 8), (alp) = 1. We will investigate 
whether, in the representations of 2p by the forms 
xf+& x$2x& x:+2x;, (7) 
only one, or more than one, of x2, x4, x6 can be & l(mod 8). Since p is a 
prime, the representations are unique except for the application of integral 
automorphs of the forms. Since 2p E 2(mod 16), both x1 and x2 have the 
same residue mod 8 apart from sign (& I or k 3). Necessarily, x3 = 2 mod 4 
and x4 is odd; multiplying x3 + ~~42 by the unit 3 + 242 replaces x4 by 
2~~ + 3~~ E -xJmod 8). Hence the residues of *x2, Ax,+, &x6 mod 8 
are invariant in all representations of 2p. 
We would like to deal with representations of p rather than 2p. We can 
without loss put x1 = u + V, x2 = u-v, taking u odd and v even (whence 
4h1), x3 = ~ZQ, x5 = 2v2, and have p equal to 
u2+v2 =2U;-x~=2v;+x;. (81 
Notethatx2= 21 mod8ifandonlyifu=Omod8,whenp= 1 modl6; 
and if and only if v = 4 mod 8, when p z 9 mod 16. 
The three forms in (8) have the property that if an integer is represented 
by two of them it is represented by the third. This suggests looking for a 
complete solution of (8) by expressions with integral-valued parameters. 
Such a complete solution can be found, but we will content ourselves here 
with a solution which yields all representations of a prime p of the form 
Sn+ 1. To find this we will study the solutions of u2 + v2 = 2~: - xz in 
integral parameters to, . . . , t3 and of 2~: -xi = 2~; +x2 in integral para- 
meters se, . . . , So, and will show how to adjust the parameters to make the 
expressions for uI and x4 identical. 
We will use factorization properties [5, Theorems 3 and 1 l] of rings of 
integral quaternions, and, to get expressions which are norms, we will make 
a unimodular substitution U’ = 2~.4~ -x4, v’ = or -x4; thus 
ui = d-v’, x4 = u’-2v’, U’2-2v’z = 2&-x& 
and we can consider 
U 
9 = x2 + 2~; + 2v”, u’ odd and positive. (9) 
Here u = ix6 +jvZ + kv’ is a pure quaternion of norm u’~ in the ring where- 
in iz z - 1, j2 =k2c -2, gz -ji=k, jk= -kj=& kit -&=j 
This is a unique factorization ring (at least for factors of odd norms), and 
since (x6, v2, v’) = 1, a has a right divisor u = s0 + isI + js2 + ksJ of norm 
u’, unique up to a left unit factor. We put u = /?c, and have -a = E = C/I- 
Thus 5 is a left divisor of fi, and we have a = r?r~, where r (pure and of 
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norm 2) can be taken to be i. Thus, except for the signs of x~, ZJ~, u’, we 
have 
u’ = s;+s;+2s;+2s;, X6 = s;++-2s;--2s~, 
v2 = 2srsz -2S&, v’ = 2s1ss +2sl&. tw 
Using similarly the Lipschitz quaternions tc, + it1 + . . . , where 
i2 = j?- = k2 = - 1 = gk, we see that if (~4, u) = 1, any solution of 
2~; = xz+u2 +v2, u odd and positive, tw 
is given by ix4 + ju + kv = ~pf with r of norm ul, and p one of the quater- 
nions k i& j. By symmetry we can take p = i+j. This gives 
Ul = t;+t;+t;+t;, x4 = ~~+~~-f~-~~+2(-~~~~+~~~2), 
u = ~~+~~-~~-~~+2~~r~+2~~~2, IJ = 2(-~~~~+~~~~+~~~~+~2~~). 
WI 
BY tl% 
and 
u = u’-u’ = (sfy-s2)2+s~+(s~-s3)~+s~, 
x,$ = u’ - 2v’ = s; + sf + 2s; + 2s; - 4S& - 4QS2. 
These expressions can be made to coincide with the corresponding ex- 
pressions in (12) by taking 
to = s(j--s2, t3 = s2, t1 = s1-s3, t2 = -s3. 
Accordingly, (8) has the parametric solution 
u = s$t+~-2s~)2-2s$-2(s~-s~)2, u = 2S&-4s2ss, 
Ul = (s~-s2)~+s;+(s~-s~)%;, x4 = 2(srJ-s2)~+2(s~-s&s~-s~, 
02 = 2hs2 - %%I, X6 = s~+s~--2s;-2s~. 
Also, u’ = 2u1 - x4 = sg + sf + 2s$ + 2s& v’ = 2s1sS + 2~s~. We thus have 
the table on the next page: 
The entries in each column are residues to the modulus given at the bottom 
of the column. Interchanging s0 and sl, s2 and So gives the same result. 
Various relations may be discerned in the table. For example, x2 ZE &3 
mod 8 if and only if o2 G 2 mod 4. Hence x2 - 2py2 does not represent - 1 
if p = u2 + 8b2 with b odd; it then represents 2 if p = 1 mod 16, and - 2 if 
JJ = 9 mod 16. Again x6 s & 3 mod 8 if and only if u s 4 mod 8. Hence 
x2 -2py2 does not represent -2 if p = a2 + 16b2 with b odd; it then 
represents 2 if p = 1 mod 16, - 1 if p s 9 mod 16. 
However. the main results are the following two theorems. 
THEOREM 3. Let p = 9 mod 16. Then x2 -2py2 never represents 2. It 
represents - 1 $ and only if any of the following conditions separated by 
semicolons holds: x2 E 1 mod 8; v = 4 mod 8; ul(> 0) = 1 mod 4; 
35. 
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1 1 1 1 1 0 1 
------- 
1 1 1 1 1 0 1 
--~---- 
9331303 
------- 
9331303 
--~---- 
9133341 
------- 
9133341 
~=?zzzzz~~~-~ 
16 8 8 8 8 8 4 
TABLE 1 
2521011 = 2uf -x; 
------- 
0 3 2 1 0 1 0 = p -2/z 
------~ 
0101000 = xi +2+ 
--~---~ 
2 1 2 1 2 1 1 u odd, v even, 
------- 
2301001 x2 =u-v, 
---~~-- 
0501200 
ul and u’ 
positive 
-~---~- 
0721210 
4 8 4 4 4 2 2 
z/(>O)=50r7mod8;uZ z 0 mod 4; s,,sI = 2 mod 4, s3sZ even. Zf any of 
these conditions fails, x2 - 2py2 represents - 2. 
THEOREM 4. Let p F 1 mod 16. Then x2 -2py2 represents 2 if any of the 
following conditions holds: v E 4 mod 8; ur( > 0) = 3 mod 4; v2 = 2 mod 4; 
u’( > 0) E 5 or 7 mod 8 ; sosl +2s2sj s 2 mod 4. These conditions are 
equivaIent to one another, and imply that x4 E k I and x2 z~ *x6 c &3 
mod 8. When any of these conditions fails, then alI three of x2, x4, x6 are 
& I mod 8 ; and examples can be found in which x2 -2py2 represents any 
desired one of - I, 2, or - 2. 
Dirichlet’s condition 2(pV ‘)I4 z - l(mod p) can be shown to be equiva- 
lent to the conditions for representation of - 1 in Theorem 3. 
4. The pattern seems not to extend to primes 32n + 1 or 32n + 17. 
Thus there are primes in the last case (the case of failure) of Theorem 4 of 
each of the linear forms 64n+ 1, 17, 33,49, where any of - I, 2, or -2 is 
represented. The smallest examples are 1601, 3089,4513, 113 for - 1; 577, 
337, 353, 881 for 2; 257, 1553, 2593, 4273 for -2. 
5. Ezra Brown, a student at Louisiana State University, has ob- 
tained similar results for other types of discriminants. 
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